An efficient method for modeling flow in porous media with immersed
  faults by Chen, Youguang & Biros, George
AN EFFICIENT METHOD FOR MODELING FLOW IN POROUS
MEDIA WITH IMMERSED FAULTS
Youguang Chen
Oden Institute for Computational Engineering and Sciences
The University of Texas at Austin
youguang@utexas.edu
George Biros
Oden Institute for Computational Engineering and Sciences
The University of Texas at Austin
biros@oden.utexas.edu
September 11, 2020
ABSTRACT
Modeling flow in geosystems with natural fault is a challenging problem due to low permeability
of fault compared to its surrounding porous media. One way to predict the behavior of the flow
while taking the effects of fault into account is to use the mixed finite element method. However,
the mixed method could be time consuming due to large number of degree of freedom since both
pressure and velocity are considered in the system. A new modeling method is presented in this paper.
First, we introduce approximations of pressure based on the relation of pressure and velocity. We
further decouple the approximated pressure from velocity so that it can be solved independently by
continuous Galerkin finite element method. The new problem involves less degree of freedom than the
mixed method for a given mesh . Moreover, local problem associated with a small subdomain around
the fault is additionally solved to increase the accuracy of approximations around fault. Numerical
experiments are conducted to examine the accuracy and efficiency of the new method. Results of
three-dimensional tests show that our new method is up to 30× faster than the the mixed method at
given L2 pressure error.
1 Introduction
A fault is a fracture in a volume of rock which has lower permeability than its surrounding matrix. Since the permeability
difference can vary several magnitudes, a fault has significant effects on flow in porous media by acting either as a
conduit causing flow retardation or as a barrier restricting flow going through it. Predicting flow behavior for geological
systems with fault zones is important in many applications, such as exploitation of oil and geothermal resources [1],
and CO2-sequestration [2].
The influences of faults on flow are complicated since many petrophysical properties are involved, but these effects
can be simplified to derive fault models that are suitable for simulations. These models for faults can be classified as
continuum models and discrete models. Continuum models treat faults implicitly as the same with its surrounding rocks
by homogenizing processes, while the discrete models can consider the faults individually. We restrict our attention to
the discrete model in this paper because the flow transport is not adequately captured in the continuum models. Since
the width of fault is very small compared to the characteristic length of the whole simulation domain, faults are often
represented as (d− 1)−dimensional immersed interfaces in d−dimensional domain. Under such case, refined grids
inside the fault can be avoided and thus the computational costs could be saved. Such reduced model for fractures was
derived by Alboin et al. [3] for single-phase Darcy flow in porous media by coupling conditions at the fracture-matrix
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interface. Later, this model was extended by Martin et al. [4] for faults by considering more general coupling conditions.
Moreover, [5] and [6] extended this model for applications in two-phase flow problems.
In this paper, we study the model presented in [4] where pressure could have jump while normal component of velocity
is continuous along the fault. We present a new formulation that could be solved by the continuous Galerkin method to
generate approximations of the pressure. Based on this formulation, a new method is proposed to generate pressure and
velocity solutions to the boundary value problem.
Contributions. We summarize our contributions as follows:
• We define the boundary value problem of flow in porous media with fault and introduce approximations of
pressure, which is based on the relation of Laplacian of pressure to the velocity along the fault.
• To decouple pressure and velocity, we derive equivalent model in one-dimensional case, and approximate
models when dimension is larger than one. The new formulation enables to solve pressure using continuous
Galerkin finite element method.
• To correct approximations of the solutions around faults, we define and solve problems associated with
small subdomains around faults using the mixed finite element method. The subdomain problems could be
independently solved for each fault.
Limitations. One limitation is that we assume uniform normal direction for each fault (point in R1, line in R2 and
plane in R3) in our derivations of the new model. But faults with complicated geometries could be decomposed at first
to faults with uniform normal directions, and then the problems could be solved using the method proposed in this paper.
Another limitation of our method is that we need to solve the flow problem using the mixed method with subdomains
associated with faults in order to get accurate solutions in the whole domain. The number of degree of freedom may be
large in the case of three-dimensional space with some intersected faults, and thus could be time consuming.
Related work. Both finite volume and finite element methods have been proposed as discretization methods for the
discrete model of flow in porous media with immersed faults. In [7], the authors introduce both vertex-centered and
cell-centered finite volume methods in two-dimensional domain to account for the flow between faults and matrix.
In [8] and [9], the authors propose finite volume methods for the application of non-matching grids along faults. For the
finite element approaches dealing with flow simulations with immersed faults, mixed finite element method is robust to
handle the pressure discontinuity occurred along the fault and satisfy the mass conservation property. In [4], a mixed
finite element scheme for the coupled pressure-velocity system of the reduced discrete model where faults are treated
as interfaces. In [10–14], the mixed finite element method was extended for non-matching grids by using extended
finite element method. Using non-matching grids can simplify the mesh for realistic problems and make it possible
to run multiple cases without remeshing for different fault configurations, which is useful in the study of uncertainty
quantification of geophysical properties. Furthermore, mortar technique was applied to the mixed finite element method
to solve flow with non-matching grids with respect to the complex networks of fractures or faults in [15–17].
Outline of the paper. In section 2 we present the boundary value problem considered in this paper with the correspond-
ing variational problem of the mixed method. Moreover, we define the approximate pressure and derive differential
equations about it. In section 3 we remark some implementation issues related to the new method. In section 4 numerical
experiments are performed under different mesh resolutions for both the mixed method and the new method, and we
report and compare the accuracy of the solutions and the CPU time used for each test.
2 Formulation
2.1 Boundary value problem
We attempt to consider a bounded domain Ω ∈ Rd (d = 1, 2 or 3) with Lipschitz boundary denoted by ∂Ω. Within the
domain, we consider a fault γ ∈ Rd−1 with normal direction denoted by n. We denote the side of γ with outward
normal direction n as γ+, and the other side as γ−. Figure 1 shows an example of such configuration.
For the flow in Ω, it is supposed to satisfy the conservation equation and Darcy’s law:{
∇·u = f in Ω,
u = − ρµκ∇p in Ω\γ,
(2.1)
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Ω∂Ω
γ
γ+ γ−
n
Figure 1: The domain Ω with an immersed fault γ.
where u is the velocity and p is the pressure, f is the external source, κ is the permeability tensor of the domain, and ρ,
µ are the density and viscosity of the fluid, respectively. We assume that f ∈ L2(Ω), κ ∈ (L∞(Ω))(d×d) with positive
components, ρ and µ are positive constants.
For the fault, we denote its transmissibility by tf ∈ R+, a parameter indicating the ability of transporting fluids through
the fault. We remark that we treat the fault with no thickness, i.e., γ ∈ Rd−1. The transmissibility can be derived by
tf =
κf
df
,
where κf and df are the permeability and the thickness of the fault. Since the fault has different permeability compared
with its neighboring domain, it generally causes pressure jump JpK along γ+ and γ− which is defined by
JpK = γ+0 p− γ−0 p, (2.2)
where γ+0 and γ
−
0 are trace operators defined on the side of γ
+ and γ−, respectively.
Moreover, we have a constitutive condition of the velocity and the pressure along the fault:
γ+0 (u · n) = γ−0 (u · n) = tf JpK on γ. (2.3)
To make sense of the previous boundary value problem, we need to define spaces where our pressure and velocity
solutions should lie. From the first equation of Eq. (2.1), we naturally expect the velocity at least from H(div,Ω) =
{v ∈ (L2(Ω))d : ∇·v ∈ L2(Ω)}. Indicated by the second equation of Eq. (2.1), p ∈ H1(Ω\γ). Then Eq. (2.2) is well
defined in the sense that γ+0 p, γ
−
0 p ∈ H1/2(γ) by trace theorem. The first equality of Eq. (2.3) indicates that normal
component of the velocity along the fault should be continuous, which is not generally satisfied in H(div,Ω). Besides,
in general γ+0 and γ
−
0 : u · n −→ H−1/2(γ) for u ∈ H(div,Ω). Thus, we need more restrictions for the velocity such
that the traces of the pressure and the normal component of the velocity could be consistent indicated by the second
equality of Eq. (2.3). Then we can get the solution space for velocity to
H˜(div,Ω) = {v ∈ H(div,Ω) : γ+0 (u · n) = γ−0 (u · n) ∈ H1/2(γ) a.e. on γ}.
It is easy to verify that the new defined space for velocity is a closed subspace of H(div,Ω), and thus a Hilbert space.
We define our solution space as
H = H˜(div,Ω)×H1(Ω\γ).
For simplicity of notation, we can define
u · n = γ+0 (u · n) = γ−0 (u · n) ∀u ∈ H˜(div,Ω).
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We additionally assume that ρµ = 1 and Dirichlet boundary condition for pressure is imposed on ∂Ω. Now the boundary
value problem is well defined and we formulate it as the follows: Find (u, p) ∈ H such that
∇·u = f in Ω,
κ−1u +∇p = 0 in Ω\γ,
t−1f u · n = JpK on γ,
p = pD on ∂Ω.
(2.4)
2.2 Mixed variational problem
In order to get the mixed variational formulation, we first take dot product of the second equation of Eq. (2.4) by
v ∈ H˜(div,Ω) and use integration-by-parts∫
Ω
κ−1u · v dx = −
∫
Ω\γ
∇p · v dx =
∫
Ω\γ
p∇·v dx−
∫
∂(Ω\γ)
pv · ν dx
=
∫
Ω
p∇·v dx−
∫
∂Ω
pDv · ν dσ −
∫
γ+
(γ+0 p)(v · n) dσ −
∫
γ−
(γ−0 p)(−v · n) dσ
=
∫
Ω
p∇·v dx−
∫
∂Ω
pDv · ν dσ −
∫
γ
t−1f (u · n)(v · n) dσ.
where the last step is derived by using the third equation of Eq. (2.4) and the definition of JpK. Then, multiplying the
first equation of Eq. (2.4) by q ∈ H1(Ω\γ), we have:∫
Ω
∇·uq dx =
∫
Ω
fq dx.
We define a : H˜(div,Ω) × H˜(div,Ω) −→ R and b : H1(Ω\γ) × H˜(div,Ω) −→ R as bilinear functionals with the
following forms:
a(u,v) = (κ−1u,v)Ω + (t−1f u · n,v · n)γ ,
b(p,v) = (p,∇·v)Ω,
where (·, ·)Ω and (·, ·)γ stand for the L2 inner product on Ω and γ, respectively. Moreover, we define functionals
F : H1(Ω\γ) −→ R and G : H˜(div,Ω) −→ R given by
F (q) = (f, q)Ω, G(v) = 〈v · ν, pD〉H−1/2(∂Ω),H1/2(∂Ω).
The mixed variational problem of Eq. (2.4) is then given by: Find (u, p) ∈ H such that
a(u,v)− b(p,v) = −G(v) ∀v ∈ H˜(div,Ω),
b(q,u) = F (q) ∀q ∈ H1(Ω\γ). (2.5)
2.3 Derivation of the new model
In this part, we first define H1(Ω)-approximations of pressure by considering the effects of the fault as source terms in
expression of −∆p and by assuming uniform normal direction of the fault. Then we derive the formulations for the
approximate pressures by expressing the pressure jump along fault by the pressure derivatives so that the continuous
Garlerkin finite element method could be used to solve the problem.
2.3.1 Definition of approximations of pressure
By applying Green’s Identities we can express −∆p in the boundary value problem Eq. (2.4) by
−∆p(x) = f(x)−
∫
γ
JpK∇δx · n dσ, ∀x ∈ Ω, (2.6)
4
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Figure 2: The domain Ω with an immersed fault γ: y and x are given points on γ and in Ω, xγ is the projection of x on
γ along the normal direction n.
where the derivation is presented in appendix A. In addition, we assume the fault has uniform normal direction,
i.e., fault as a point when d = 1, a straight line when d = 2, or a plane surface when d = 3. Given a point
x ∈ Ω\γ, we denote the projection of x onto γ by xγ . Using a coordinate basis {n, τ1, τ2, . . . , τd−1}, we can express
x = (xn, xτ1 , . . . , xτd−1) = (xn,xτ ), and thus xγ = (0,xτ ). A configuration of the domain is shown in Figure 2
where the fault can be expressed by γ(yτ ) = {(0,yτ ) : y ∈ γ}. Thus, we can express the partial derivative of delta
mass at x by
∇δx(y) · n = D1δ0(y − x) = D1δ0((−xn,yτ − xτ )) = δ′0(−xn)δ0(yτ − xτ ),
where δ′0(−xn) represents the dipole distribution defined on one dimension, and δ0(yτ − xτ ) is the delta mass defined
on (d− 1) dimension. By using this formulation, we can simplify the integration on γ in Eq. (2.6) by∫
γ
JpK∇δx · n dσ = ∫
γ(yτ )
JpK(yτ )δ′0(−xn)δ0(yτ − xτ ) dσ
= −δ′0(xn)JpK(xτ )
= −δ′0(xn)t−1f un,γ(xτ ),
where un,γ represents (u · n)|γ for simplicity and the last step is obtained by using the relationship between JpK and
un,γ implied by Eq. (2.3). By substituting the above formula into Eq. (2.6), we have
−∆p(x) = f(x) + δ′0(xn)t−1f un,γ(xτ ) ∀x = (xn,xτ ) ∈ Ω. (2.7)
Definition 2.1. Suppose that {δ} ⊂ D(Ω) is a sequence such that δ D
′(Ω)−−−−→ δ0 as → 0+, we define the approximate
sequence of pressures {p} as the solutions of the following boundary value problems:{
−∆p(x) = f(x) + δ′(xn)t−1f un,γ(xτ ) ∀x = (xn,xτ ) ∈ Ω,
p = pD on ∂Ω.
(2.8)
We conclude the properties of p as the following theorem.
Theorem 2.1. There is a unique p ∈ H1(Ω) solving the problem of Eq. (2.8) for each . Moreover, the sequence of p
converges to p in L2(Ω) as  −→ 0+.
Proof.
Define
f˜(x) = f(x) + δ′(xn)t
−1
f un,γ(xτ ) ∀x = (xn,xτ ) ∈ Ω.
Since δ′ ∈ D(Ω) and un,γ ∈ L2(Ω), then f˜ ∈ L2(Ω). Thus we expect p ∈ H1(Ω) and the boundary vlaue problem
Eq. (2.8) is equivalent to find p ∈ H10 (Ω) + pD such that:
a(p, q) = F(q) ∀q ∈ H10 (Ω), (2.9)
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where a : H1(Ω)×H1(Ω) −→ R is given by
a(p, q) = (∇p,∇q)L2(Ω),
and F : H10 (Ω) −→ R is given by
F(q) = (f˜ , q)L2(Ω).
It is easy to notice that a is continuous and coercive on H1(Ω), therefore there is unique solution p ∈ H10 (Ω) by
Lax-Milgram Theorem for each . Since δ′
D′(Ω)−−−−→ δ′0, ∆p
D′(Ω)−−−−→ ∆p. Take any φ ∈ D(Ω), we have
〈p,∆φ〉Ω = 〈∆p, φ〉Ω + 〈pD,∇φ · ν〉∂Ω − 〈∇p · ν, φ〉∂Ω
−→ 〈∆p, φ〉Ω + 〈pD,∇φ · ν〉∂Ω − 〈∇p · ν, φ〉∂Ω = 〈p,∆φ〉Ω.
Thus we can conclude that p
D′(Ω)−−−−→ p, and thus p L
2(Ω)−−−−→ p by Lebesgue lemma.
Note that the normal component of velocity along the fault (un,γ in Eq. (2.8)) is unknown in our problem, so we can
not directly solve Eq. (2.8) to get p by continuous Galerkin method. But if we can express un,γ by derivatives of p, we
can formulate differential equations about p.
2.3.2 Formulation for d = 1
Model derivation. Consider a one-dimensional domain Ω = (0, L) and a fault as a point at xγ ∈ Ω. We additionally
assume that there is no external source such that f = 0, and that the boundary conditions imposed are p(0) =
p0, p(L) = pL. Then the original boundary value problem Eq. (2.4) has pressure solution as
pc(x) =
p0 −
p0−pL
t−1f +L
x 0 ≤ x < xγ ,
pL +
p0−pL
t−1f +L
(L− x) xγ < x ≤ L, (2.10)
and velocity solution as
uc(x) = un,γ =
p0 − pL
t−1f + L
0 6 x 6 L. (2.11)
Eq. (2.8) for the approximate pressure p in one dimension could be expressed by
−d
2p
dx2
= δ′
un,γ
tf
0 < x < L. (2.12)
In Figure 3, we plotted pc and several p under different values of  as illustration. If un,γ is given, p could be expressed
explicitly in analytical solution pc with the pressure jump along the fault, i.e.,
un,γ
tf
by
pc(x) =
{
pc(x)−H(x)un,γtf 0 6 x 6 xγ ,
pc(x)− (H(x)− 1)un,γtf xγ 6 x 6 L,
(2.13)
where
H(x) =
∫ x
0
δ(t) dt.
Since f = 0, it is natural to expect that the solution of the above equation is twice differentiable, i.e., p ∈ C2([0, L]).
By integrating Eq. (2.8), one can get
−dp
dx
= M + δ
un,γ
tf
, (2.14)
where M ∈ R is a constant. Integrate the above equation from x = 0 to x = L, we have∫ L
0
−dp
dx
dx = p0 − pL = ML+ un,γ
tf
.
6
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)
Figure 3: An illustration of the relationship between correct pressure solution pc and the approximated solutions p in
one-dimensional space.
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Figure 4: Pressure and velocity solutions in the 1D test.
But the analytical solution of pressure shows that
p0 − pL = un,γL+ JpK = un,γL+ un,γ
tf
.
Thus we can conclude that M = un,γ . Substituting M into Eq. (2.14), we can express un,γ as
un,γ = −(1 + δ
tf
)−1
dp
dx
. (2.15)
Using this expression of un,γ , we convert Eq. (2.12) into the following new equation:
−d
2p
dx2
+
δ′
tf + δ
dp
dx
= 0 0 < x < L. (2.16)
Numerical test. To show the equivalence between Eq. (2.12) and Eq. (2.16), we consider Ω = (0, 10), a fault at
xγ = 5 with transmissibility tf = 0.2. Choose p0 = 1, pL = 0 as boundary condition, and use Gaussian functions to
7
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Ω
γ
la b
y n
Figure 5: The domain Ω with an immersed fault γ: for each point y of γ, we consider a line l ∈ Ω perpendicularly
intersects with γ at y (a and b are points of l intersecting ∂Ω.
approximate delta distribution:
δ(x) =
1√
2pi
exp
{(
− (x− xγ)
2
22
)}
.
Though Gaussian functions do not have compact support in Ω, we can assume that δ → δ0(xn) and
∫
Ω
δ(x)dx = 1
since  we considered here are much smaller than the range of the domain. Eq. (2.16) is solved by continuous Galerkin
method using Lagrange basis function with degree of 1.
We denote the analytical solutions of Eq. (2.10) and Eq. (2.11) by pc and uc, and approximate pressure solution of
Eq. (2.12) by pc, and the numerical solutions of our derived model Eq. (2.16) and Eq. (2.15) by p and u. In the
experiments, we consider three values of  = 1.0, 0.5, and 0.01. Comparison results of pressure and velocity solutions
between different models are presented in Figure 4. From the pressure solutions, p match pc under different values of .
Moreover, As  becomes smaller, the approximate continuous pressure is getting closer to the discontinuous analytical
solution. Furthermore, the derived model for velocity can give correct velocity solution under different values of .
2.3.3 Formulation for d > 2
Strong formulation. Eq. (2.8) for the approximated pressure p which is denoted as p here for simplicity can be
expressed by
−∂
2p
∂n2
−
d−1∑
i=1
∂2p
∂τi2
= δ′
un,γ
tf
. (2.17)
in reference to the coordinates of the fault {n, τ1, τ2, . . . , τd−1}.
We denote the pressure solution of the original boundary value problem Eq. (2.4) by pc. Compared with the linear
pressure profile when d = 1, the pressure in general is nonlinear when d > 2. But we can decompose the pressure into
two parts such that
pc = pc,l + gc,
where pc,l represents the "linear part "of pc (in n with respect to the fault) such that
pc,l|γ+ = pc|γ+ , pc,l|γ− = pc|γ− ,
and
−∇pc,l · n = −∇pc · n|γ = un,γ .
Thus, the "nonlinear part" gc must satisfy the following conditions:
gc|γ+ = gc|γ− = 0, (∇gc · n)|γ = 0.
8
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Figure 6: An illustration of the functions defined in the case of multi-dimensions,
From the previous construction, it is clearly that such decomposition is unique for a given pc.
Take a point y = (0,yτ ) ∈ γ, we consider the part of line inside Ω that is perpendicularly intersecting γ at y, i.e.,
l = {(xn,yτ ) ∈ Ω : xa 6 xn 6 xb} in Figure 5. Thus pc,l(·,yτ ) satisfies the boundary value problem Eq. (2.4) in one
dimension. The relationship between pc(·,yτ ) and pc,l(·,yτ ) is sketched in Figure 6(a). From the previous discussion
in one dimension, there exists ηyτ ∈ C2([xa, xb]) as an approximation to pc,l(·,yτ ) such that,
−d
2ηyτ
dx2n
= δ′
un,γ
tf
, ηyτ (xa) = pc,l(xa,yτ ), ηyτ (xb) = pc,l(xb,yτ ).
Since y is a random point from γ, we can define p,l as an approximation to pc,l such that p,l(·,yτ ) = ηyτ (·). Then,
−∂
2p,l
∂n2
= δ′
un,γ
tf
.
Similar to the decomposition of pc, we can decompose p into p,l and g such that
p = p,l + g.
We sketched p,l, g and p in Figure 6(b). Moreover, since p → pc and p,l → pc,l as → 0+, we have g → gc as
→ 0+. Then, the first-order and second-order derivatives of p in the normal direction can be expressed by
−∂p
∂n
= −∂p,l
∂n
− ∂g
∂n
= (tf + δ)
un,γ
tf
− ∂g
∂n
, (2.18)
and
−∂
2p
∂n2
= δ′
un,γ
tf
− ∂
2g
∂n2
.
Substitute the above equation into Eq. (2.17), we have
−∂
2g
∂n2
=
d−1∑
i=1
∂2p
∂τ2i
.
We assume that ∂g/∂n = 0 on γ, and approximate −∂2g/∂n2 by applying first-order Taylor expansion:
−∂g
∂n
(x) = −xn ∂
2g
∂n2
(x) = xn
d−1∑
i=1
∂2p
∂τ2i
(x) ∀x = (xn,xτ ) ∈ Ω.
Substitute the above equation to Eq. (2.18), we have the expression for the pressure jump given by
un,γ
tf
= −(tf + δ)−1(∂p
∂n
+ xn
d−1∑
i=1
∂2p
∂τ2i
). (2.19)
Finally, by substituting the above expression of un,γtf into Eq. (2.17), we can derive a new equation for p given by
−∆p = f − δ
′

tf + δ
(
∂p
∂n
+ xn
d−1∑
i=1
∂2p
∂τ2i
) ∀x = (xn,xτ ) ∈ Ω. (2.20)
9
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Figure 7: The domain Ω with an immersed fault γ.
Weak formulation. In order to get the weak formulation of the derived formulation Eq. (2.20), we first define
functions G, D ∈ D(Ω) by
G =
δ′
tf + δ
, D =
δ′ xn
tf + δ
, ∀x = (xn,xτ ) ∈ Ω.
Thus, Eq. (2.20) can be expressed by
−∆p = f −G ∂p
∂n
−
d−1∑
i=1
D
∂2p
∂τ2i
Take any w ∈ H10 (Ω), we have the weak formulation as(
∇p,∇w
)
Ω
+
(
G
∂p
∂n
, w
)
Ω
+
d−1∑
i=1
(
D
∂2p
∂τ2i
, w
)
Ω
=
(
f, w
)
Ω
. (2.21)
For each i = 1, 2, ..., d − 1, we define a vector pi =
[
0 ... ∂p∂τi ... 0
]T
where ∂p∂τi is the ith component of pi.
Then we can integrate by parts for the term related to ∂
2p
∂τ2i
in Eq. (2.21)(
D
∂2p
∂τ2i
, w
)
Ω
=
∫
Ω
(Dw)∇ · pi dx = −
∫
Ω
pi∇ · (Dw) dx +
∫
∂Ω
(Dw)pi · ν dx
= −
(∂D
∂τi
∂p
∂τi
, w
)
Ω
−
(
D
∂p
∂τi
,
∂w
∂τi
)
Ω
i = 1, 2, ..., d− 1.
Define bilinear functional B : H1(Ω)×H1(Ω)→ R by
B(p, w) =
(
∇p,∇w
)
Ω
+
(
G
∂p
∂n
, w
)
Ω
−
d−1∑
i=1
(∂D
∂τi
∂p
∂τi
, w
)
Ω
−
d−1∑
i=1
(
D
∂p
∂τi
,
∂w
∂τi
)
Ω
.
Then the variational problem is to find p ∈ H10 (Ω) + pD such that:
B(p, w) = F (w) ∀w ∈ H10 (Ω). (2.22)
3 Implementation
3.1 New method procedures
Based on the formulations we obtained for the approximations of pressure, we formulate a new method to obtain the
pressure and velocity solutions. We first solve the variational problem of Equation 2.22 to get approximate pressure p
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Figure 8: An illustration of the coordinates used for definition of δ in three-dimensional space.
at given value of . Then we solve u by Darcy’s law:
u = −∇p. (3.1)
Note that p approximates p in the sense that it smooths the singularity of p occurs at the fault. Moreover, the normal
component of velocity u on the fault in the original problem Eq. (2.4) is not defined by Eq. (3.1), but by the trace of
u · n. Thus, we can expect that u may have large difference around the fault compared to the correct velocity solution
u. Therefore, in order to get sufficiently accurate solutions, we additionally solve problem associated with a small
domain around fault to modify p and u.
Suppose that our defined function supp(δ) ⊂ Ωs , which is an open subset of Ω for given , we can expect that p
should be the same as p in Ω\Ωs , so as u. This inspires that we only need to modify our solutions in a subdomain
around fault, and our solutions are accurate outside the subdomain. Assume that Ωs is d-orthotope, i.e. rectangle when
d = 2 and cuboid when d = 3, such that it has part of boundary is parallel to γ, denote the part on the side of γ+ by
Γs,+ , and the other part by Γ
s,−
 (see Figure 7). Define the following boundary value problem for the subdomain:
∇·us = f in Ωs ,
us +∇ps = 0 in Ωs\γ,
t−1f u
s
 · n = JpsK on γ,
us · ν = γ0(u · ν) on Γs,+ ∪ Γs,−
ps = γ0p on ∂Ω
s
\(Γs,+ ∪ Γs,− ),
(3.2)
where γ0 is the trace operator defined on Ωs . We can solve this problem by using the mixed variational formulation
similar to the one in Eq. (2.5). But now the solution space is changed toH = H˜(div,Ωs)×H1(Ωs\γ). Then we can
define our modified solution for given  by
p˜ =
{
p(x) if x ∈ Ω\Ωs ,
ps(x) if x ∈ Ωs ,
u˜ =
{
u(x) if x ∈ Ω\Ωs ,
us(x) if x ∈ Ωs .
(3.3)
3.2 Formulation of δ
We deploy coordinates based on the fualt, i.e., {n, τ1, τ2, . . . , τd−1}. Assume that the fault is rectangle in three-
dimensional space with τ1 and τ2 defined along the length and width of the fault (see Figure 8). Suppose that each point
y on the fault could be expressed as a tuple (yn,γ , yτ1 , . . . , yτd−1), where yn,γ is a constant for all points on the fault.
Denote the minimum and maximum values of the projection in τi direction by yτi,min and yτi,max. We decompose δ
into d components in each direction of the coordinate and define it by
δ(x) = δ
n
 (x)
d−1∏
i=1
δτi (x) ∀x = (xn, xτi , . . . , xτd−1) ∈ Ω,
where
δn (x) =
1√
2pi
exp
{(
− (xn − yn,γ)
2
22
)}
,
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Figure 9: An illustration of functions used for definition of δ.
and
δτi (x) =
1
4
[
1 + erf
(xτi − yτi,min√
2piτ
)][
1 + erf
(yτi,max − xτi√
2piτ
)]
.
Figure 9 shows an example of the shape of these two kind of functions. Since both δn and δτi(1 ≤ i ≤ d− 1) are in
C∞-functions, δ ∈ C∞(Ω). Considering both  and τ are sufficiently small opposed to the scale of Ω, we could
assume that δ has compact support in Ω in practice.
3.3 Implementation on FEniCS
For an efficient implementation of both the mixed method and our new method, we chose to use Gmsh [18] for mesh
generation and base our code on FEniCS finite element platform [19].
To solve the mixed variational problem Eq. (2.5) and the mixed problem associated with subdomains around faults
Eq. (3.2) in the new method, we use Discontinuous Galerkin basis functions (’DG’ element in FEniCS) with degree
of 0 to define the pressure function space, and use Raviart–Thomas basis functions (’RT’ element in FEniCS) with
degree of 1 to construct the velocity function space. The solution space is the product of these two spaces with degree
of freedom (dof) equal to the sum of the number of elements and faces of the mesh.
To solve approximate pressure p in the continuous variational problem Eq. (2.22) associated with the whole domain
of the new method, we use the Lagrange basis function (’Lagrange’ element in FEniCS) with degree of 1 to define
the pressure function space. Note that dof associated with this problem is the number of vertices of the mesh. For the
corresponding velocity u, we still use the Lagrange basis function with degree of 1 to construct the vector function
space.
As for the linear solver, we use the iterative method GMRES. For the experiments showed in this paper, absolute
tolerance 1.0× 10−8 is set for GMRES. In addition, incomplete LU factorization with 1 level of fill, i.e. ILU(1), is
used as preconditioner for the linear solver.
4 Numerical Expriments
In this section, two numerical experiments are conducted to validate the new method. We first consider a two-
dimensional domain where both high-transmissibility fault and low-transmissibility fault are tested repectively to
examine the accuracy of the new method (subsection 4.1). Then, a three-dimensional test is performed to show the
efficiency of the new method (subsection 4.2). For each test, ther performance of the new method is compared with the
mixed method under different mesh resolutions.
For simplicity, we assume f = 0, ρµ = 1, and κ as identity matrix in Eq. (2.4) in each test. The errors of each test is
measured in the following way. The mixed method is performed at high resolution with fine grids, the solution of which
is used to offer a reference as the ground truth solution. Then the L2 errors of the pressure and velocity solutions are
given by
‖ehp‖L2 = ‖ph − pg‖L2(Ω), ‖ehu‖L2 = ‖uh − ug‖L2(Ω),
where ph and uh are the pressure and velocity results using the derived new method under mesh size h, pg and ug are
the pressure and velocity results of the ground truth.
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Figure 10: Configuration of the 2D test.
4.1 2D test
Setup. We consider a two-dimensional rectangular domain with width Lx = 2.0 and length Ly = 1.0 as showed
in Figure 10. A fault γ, as a line with length of 0.4, is located in the middle of the domain with normal direction
in x. We split the boundary as three parts: ΓD1 = {(0, y) : 0 ≤ y ≤ Ly}, ΓD0 = {(1, y) : 0 ≤ y ≤ Ly}, and
ΓN = {(x, y) : 0 ≤ x ≤ Lx, y = 0 or 1}. The boundary conditions are given by
p = 1 on ΓD1 ,
p = 0 on ΓD0 ,
∇u · ν = 0 on ΓN .
Meshes used for this test are set in the following way. We denote the mesh size on the domain boundary ∂Ω by h, the
mesh size on the boundary of the subdomain ∂Ωs by hs, and mesh size on the fault γ by hf . The three mesh sizes have
the relation of h : hs : hf = 5 : 2 : 2. Moreover, we define the distance between subdomain boundary to the fault as Ls
in Figure 10 and set Ls = 20hf .
Five different meshes are performed for the new method and the mixed method for the cases with tf = 2.0 and
tf = 0.02 respectively. For the new method, we found that  = 3hf is the optimal when tf = 2.0 and  = 1hf is
the optimal when tf = 0.02. We show results of  = 3hf , 4hf and 5hf for the new method when tf = 2.0 and
 = 1hf , 2hf and 3hf for the new method when tf = 0.02. The ground truth solutions are from the mixed method
with h = 2.5E−3.
Results. In Table 1, we investigate the simulation results for the mixed method under different mesh resolutions.
Similarly, Table 2 and Table 3 report the results of the new method with tf = 2.0 and tf = 0.02 respectively. CPU
time for the mixed method represents the time used for solving the linear system. The CPU time is composed by the
time used for solving the linear system of the pressure solution over the whole domain and the time for solving the
mixed problem associated with the subdomain around the fault. We plot L2 errors of pressure and velocity as functions
of h, dof and time in Figure 11 and Figure 12, respectively. We can see that both the two methods converge to the
ground truth as the mesh size gets smaller. The pressure solution converges as O(h) in the mixed method, and seems
to converge as O(h 12 ) in our new method when tf = 2.0 and converge as O(h) when tf = 0.02. As for the velocity
solution, it converges as O(h 12 ) for both of the two methods and both values of transmissibility. As for efficiency
when tf = 2.0, the new method could be faster than the mixed method at high pressure error (for example, higher
than 3.0E−3) but could be slower at low pressure error; the new method seems to be a little bit faster than the mixed
one from the plot of velocity error in Figure 11. When tf = 0.02, the new method with  = 2hf and  = 3hf are
both slower than the mixed method at given pressure error or velocity error. But the new method with  = 1hf is very
close to the mixed method at given pressure error, and could be faster than the mixed method at low velocity error (for
example, lower than 3.0E−2 in Figure 12.
Pressure and velocity solutions of the ground truth and one test of the mixed method are shown in Figure 13 and Figure 14.
In Figure 15, we plotted the pressure and the velocity in the normal direction along the line {(x, 0.5) : 0 ≤ x ≤ Lx}.
One can observe that both of the pressure and velocity solutions of the new method match the ground truth solutions in
13
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Table 1: Summary of simulation results for the mixed method in the 2D test.
h dof tf = 2.0 tf = 0.02
time ‖ehp‖L2 ‖ehu‖L2 time ‖ehp‖L2 ‖ehu‖L2
1.0E-01 2210 0.02 1.17E-02 2.84E-02 0.02 1.21E-02 4.69E-02
5.0E-02 8035 0.09 6.00E-03 2.04E-02 0.09 6.19E-03 3.20E-02
2.5E-02 54455 2.29 2.45E-03 1.32E-02 2.09 2.51E-03 2.00E-02
2.0E-02 77965 4.09 1.96E-03 1.07E-02 3.86 2.00E-03 1.59E-02
1.0E-02 258970 36.93 9.09E-04 6.82E-03 40.27 9.22E-04 1.01E-02
Table 2: Summary of simulation results of the new method in the 2D test with tf = 2.0. The first number in "time"
column represents the CPU time used for solving the approximate pressure and velocity of the whole domain, the
second number is the time for the subdomain problem.
h dof  = 3hf  = 4hf  = 5hf
time ‖ehp‖L2 ‖ehu‖L2 time ‖ehp‖L2 ‖ehu‖L2 time ‖ehp‖L2 ‖ehu‖L2
5.0E-02 3279 0.02+0.06 4.5E-03 2.0E-02 0.02+0.06 4.8E-03 2.1E-02 0.02+0.06 5.1E-03 2.2E-02
2.5E-02 10988 0.10+0.36 3.5E-03 1.3E-02 0.09+0.36 3.8E-03 1.5E-02 0.10+0.35 4.1E-03 1.6E-02
1.0E-02 52035 1.64+1.27 2.1E-03 8.4E-03 1.60+1.27 2.2E-03 9.3E-03 1.60+1.27 2.5E-03 1.0E-02
5.0E-03 190826 13.94+4.99 1.3E-03 6.3E-03 13.95+4.96 1.5E-03 6.6E-03 14.29+4.94 1.6E-03 7.3E-03
4.0E-03 292641 43.37+7.89 1.1E-03 5.4E-03 43.11+7.93 1.4E-03 5.8E-03 43.22+7.91 1.5E-03 6.4E-03
Table 3: Summary of simulation results of the new method in the 2D test with tf = 0.02. The first number in "time"
column represents the CPU time used for solving the approximate pressure and velocity of the whole domain, the
second number is the time for the subdomain problem.
h dof  = 1hf  = 2hf  = 3hf
time ‖ehp‖L2 ‖ehu‖L2 time ‖ehp‖L2 ‖ehu‖L2 time ‖ehp‖L2 ‖ehu‖L2
5.0E-02 3279 0.02+0.06 9.9E-03 4.0E-02 0.02+0.06 1.2E-02 5.2E-02 0.02+0.06 1.8E-02 6.7E-02
2.5E-02 10988 0.10+0.33 4.7E-03 2.1E-02 0.10+0.34 6.6E-03 2.7E-02 0.11+0.33 9.4E-03 3.4E-02
1.0E-02 52035 1.90+1.40 2.2E-03 1.3E-02 1.88+1.40 3.5E-03 1.6E-02 1.81+1.41 6.2E-03 2.2E-02
5.0E-03 190826 19.64+5.48 1.2E-03 7.5E-03 15.22+5.48 2.1E-03 1.0E-02 18.19+5.46 3.4E-03 1.4E-02
4.0E-03 292641 46.56+7.10 9.8E-04 5.1E-03 46.59+6.77 1.9E-03 8.9E-03 45.97+7.04 2.3E-03 1.1E-02
the whole domainm, which validates the accuracy of the new method. Moreover, lower transmissibility causes higher
pressure jump and lower normal component of velocity along the fault. For the case of tf = 0.02, the fault acts as a
barrier for the flow such that nearly no flow could transport across the fault.
We also reported the effects of the transmissibility values on the matrices’ eigenvalues of both the two methods in
Figure 16. It can be seen that tf has large effect on the largest eigenvalue, and thus the condition number of the matrices
in both methods. Moreover, the largest eigenvalue scales as tf in the mixed method, and scales as logtf in the new
method.
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Figure 11: L2 errors of pressure and velocity for the new method and the mixed method in the 2D test with tf = 2.0.
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Figure 12: L2 errors of pressure and velocity for the new method and the mixed method in the 2D test with tf = 0.02.
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Figure 13: Pressure solutions from the ground truth (left) and the new method of mesh with h = 5.0E−3 and  = 3hf
(right) in the 2D test when tf = 2.0 (upper) and tf = 0.02 (lower).
Figure 14: Velocity solutions from the ground truth (left) and the new method of mesh with h = 5.0E−3 and  = 3hf
(right) in the 2D test when tf = 2.0 (upper) and tf = 0.02 (lower).
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Figure 15: Pressure (left) and normal component of velocity (right) solutions from the ground truth and the new method
of mesh with h = 5.0E−3 and  = 3hf along the line {(x, 0.5) : 0 ≤ x ≤ Lx} in the 2D test when tf = 2.0 (upper)
and tf = 0.02 (lower).
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Figure 16: Eigenvalues of the matrices for different values of fault transmissibility: (left) the mixed method is simulated
in the mesh with h = 1.0E−1 and dof=2210, (right) the new method is simulated in the mesh with h = 5.0E−2,
 = 3hf , and dof=3279.
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Figure 17: Configuration of the 3D test.
4.2 3D test
Setup. The 3D test case is described in Figure 17 where the domain Ω is a unit cube. A square-shaped fault γ is located
at the center of the plane {(0.5, x, y) : 0 ≤ y, z ≤ 1} in the domain. The length of each edge on γ is 0.4 and a small
transmissibility tf =0.0005 is considered. We define different part of boundaries by ΓD1 = {(0, y, z) : 0 ≤ y, z ≤ 1},
ΓD0 = {(1, y, z) : 0 ≤ y, z ≤ 1}, and ΓN = ∂Ω\(ΓD1 ∪ ΓD0 ). The boundary conditions are defined by

p = 1 on ΓD1 ,
p = 0 on ΓD0 ,
∇u · ν = 0 on ΓN .
The meshes are defined in the following way that is similar to the 2D test. We denote the mesh size on the domain
boundary ∂Ω by h, the mesh size on the boundary of the subdomain ∂Ωs by hs, and mesh size on the fault γ by hf .
The three mesh sizes have the relation of h : hs : hf = 5 : 2 : 2 for different case. Moreover, we set the distance
between subdomain boundary to the fault as 10hf .
The mixed method and the new method are both conducted at five different meshes for comparison. Furthermore, three
values of  are considered for the new method: 1hf , 2hf and 3hf .
Results. The simulation results of the mixed method and the new method are summarized in Table 4 and Table 5,
respectively. The L2 pressure error and velocity error are plotted as functions of h, dof and simulation time for different
cases in Figure 18. From these plots, following conclusions could be derived: first, the pressure solution converges
as O(h 12 ) in the new method, and converges as O(h) in the mixed method. The pressure L2 error of the new method
could be lower then the error of the mixed method at some coarse mesh size. The velocity solution converges as O(h 12 )
toward the ground truth solution for both of the methods. Second, at given dof or simulation time, the new method
generates lower L2 error than the mixed method for both the pressure and velocity solutions in the tests shown here.
Third, we can observe that test with lower value  has lower L2 error in the new method. Among the tests conducted
with different ’s here,  = 1hf generates the optimal solution.
The pressure and velocity solutions of the ground truth test on the plane {(x, y, 0.5) : 0 ≤ x, y ≤ 1} is shown in
Figure 19. For comparison, we also plot the solutions of the new method with mesh size h = 1.0E−2 and  = 1hf .
Moreover, the pressure and normal component of velocity solutions along the line {(x, 0.4, 0.5) : 0 ≤ x ≤ 1} and
along the line {(x, 0.5, 0.5) : 0 ≤ x ≤ 1} are plotted in Figure 20. It can be seen that the solutions generated by the
new method match the ground truth solutions very well. We can also observe that the low-transmissibility fault in this
test behaves like a barrier and generates high pressure jump and near-zero normal component of velocity along the fault.
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Table 4: Summary of simulation results for the mixed method in the 3D test. Number in the bracket of "time" column
represents the preconditioning time of ILU1 preconditioner. "*" represents the ground truth test.
h dof time ‖ehp‖L2 ‖ehu‖L2
1.0E-01 45273 0.83 (0.2) 1.42E-02 4.40E-02
5.0E-02 676033 25.19 (5.5) 7.78E-03 2.99E-02
4.0E-02 1047652 44.16 (8.6) 5.90E-03 2.55E-02
2.5E-02 2829944 171.94 (20.2) 3.63E-03 1.88E-02
2.0E-02 4684445 353.27 (38.4) 3.16E-03 1.77E-02
1.0E-02* 14447330 3186.33 - -
Table 5: Summary of simulation results of the new method in the 3D test.The first number in "time" column represents
the CPU time used for solving the approximate pressure and velocity of the whole domain, the second number is the
time for the subdomain problem. Number in the bracket of "time" column represents the preconditioning time of ILU1
preconditioner.
h dof  = 1hf  = 2hf  = 3hf
time ‖ehp‖L2 ‖ehu‖L2 time ‖ehp‖L2 ‖ehu‖L2 time ‖ehp‖L2 ‖ehu‖L2
5.0E-02 37115 0.4+0.5 (0.1) 6.1E-03 3.3E-02 0.4+0.5 6.5E-03 3.5E-02 0.4+0.5 7.2E-03 3.6E-02
4.0E-02 57410 0.6+0.9 (0.2) 5.5E-03 2.8E-02 0.7+0.9 6.1E-03 3.1E-02 0.7+0.9 6.4E-03 3.3E-02
2.5E-02 154093 2.8+1.8 (0.5) 4.1E-03 2.1E-02 2.7+1.9 4.5E-03 2.3E-02 2.8+1.8 4.9E-03 2.4E-02
2.0E-02 254306 5.5+3.1 (0.9) 3.5E-03 1.9E-02 5.5+3.1 3.8E-03 2.0E-02 5.5+3.1 4.1E-03 2.1E-02
1.0E-02 1485031 37.0+21.6 (5.1) 2.9E-03 1.5E-02 37.0+21.3 3.0E-03 1.5E-02 37.0+21.5 3.2E-03 1.6E-02
5 Conclusion
We presented in this paper a new method to solve pressure and velocity of flow problem in porous media with low-
permeability faults. We defined pressures as approximations to the pressure in the original boundary value problem.
Then we decoupled the approximate pressure from velocity and obtained new formulations for the pressure that could
be solved by continuous Galerkin finite element method. To correct the approximations around the fault and obtain the
final solutions, we additionally solved small problem associated with subdomain around the fault using the mixed finite
element method. We conducted numerical tests in both two-dimensional domain and three-dimensional domains to
investigate the accuracy of the new method. Error results showed that the convergence rate for pressure solution of
the new method depends on the fault transmissibility, but velocity solution generally has convergence rate of O(h 12 ).
Compared to the mixed method, the new method proposed in this paper can be faster at given pressure and velocity
error in three-dimensional test.
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Figure 18: L2 errors of pressure and velocity for the new method and the mixed method in the 3D test.
Figure 19: Pressure and velocity solutions on the plane {(x, y, 0.5) : 0 ≤ x, y ≤ 1}: (left) ground truth solutions,
(right) solutions of the new method with h = 1.0E−2 and  = 1hf in the 3D test.
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Figure 20: Pressure and normal component of velocity solutions along the line {(x, 0.4, 0.5) : 0 ≤ x ≤ 1} (upper) and
along the line {(x, 0.5, 0.5) : 0 ≤ x ≤ 1} (lower): the new method is conducted at h = 1.0E−2 in the 3D test.
21
A PREPRINT - SEPTEMBER 11, 2020
References
[1] D. E. Dempsey, J. V. Rowland, G. A. Zyvoloski, and R. A. Archer. Modeling the effects of silica deposition and
fault rupture on natural geothermal systems. Journal of Geophysical Research: Solid Earth, 117(B5), 2012.
[2] Antonio Pio Rinaldi, Victor Vilarrasa, Jonny Rutqvist, and Frederic Cappa. Fault reactivation during co2
sequestration: Effects of well orientation on seismicity and leakage. Greenhouse Gases: Science and Technology,
5, 05 2015.
[3] Clarisse Alboin, Jérôme Jaffré, Jean E. Roberts, Xuewen Wang, and Christophe Serres. Domain decomposition
for some transmission problems in flow in porous media. In Zhangxin Chen, Richard E. Ewing, and Zhong-Ci
Shi, editors, Numerical Treatment of Multiphase Flows in Porous Media, pages 22–34, Berlin, Heidelberg, 2000.
Springer Berlin Heidelberg.
[4] V. Martin, J. Jaffré, and J. Roberts. Modeling fractures and barriers as interfaces for flow in porous media. SIAM
Journal on Scientific Computing, 26(5):1667–1691, 2005.
[5] Hussein Hoteit and Abbas Firoozabadi. An efficient numerical model for incompressible two-phase flow in
fractured media. Advances in Water Resources, 31(6):891 – 905, 2008.
[6] J. Jaffré, M. Mnejja, and J.E. Roberts. A discrete fracture model for two-phase flow with matrix-fracture interaction.
Procedia Computer Science, 4:967 – 973, 2011. Proceedings of the International Conference on Computational
Science, ICCS 2011.
[7] H. Hægland, A. Assteerawatt, H.K. Dahle, G.T. Eigestad, and R. Helmig. Comparison of cell- and vertex-
centered discretization methods for flow in a two-dimensional discrete-fracture–matrix system. Advances in Water
Resources, 32(12):1740 – 1755, 2009.
[8] Isabelle Faille, Alessio Fumagalli, Jérôme Jaffré, and Jean E. Roberts. Model reduction and discretization using
hybrid finite volumes for flow in porous media containing faults. Computational Geosciences, 20(2):317–339,
Apr 2016.
[9] Alessio Fumagalli and Isabelle Faille. A double-layer reduced model for fault flow on slipping domains with an
hybrid finite volume scheme. Journal of Scientific Computing, 77(2):885–910, Nov 2018.
[10] D´Angelo, Carlo and Scotti, Anna. A mixed finite element method for darcy flow in fractured porous media with
non-matching grids. ESAIM: M2AN, 46(2):465–489, 2012.
[11] Alessio Fumagalli and Anna Scotti. Numerical modelling of multiphase subsurface flow in the presence of
fractures. Communications in Applied and Industrial Mathematics, 3(1), 2011.
[12] Alessio Fumagalli and Anna Scotti. A numerical method for two-phase flow in fractured porous media with
non-matching grids. Advances in Water Resources, 62:454 – 464, 2013. Computational Methods in Geologic
CO2 Sequestration.
[13] Alessio Fumagalli and Anna Scotti. An Efficient XFEM Approximation of Darcy Flows in Arbitrarily Fractured
Porous Media. Oil & Gas Science and Technology - Revue d’IFP Energies nouvelles, 69(4):555–564, 2014.
[14] M. Del Pra, A. Fumagalli, and A. Scotti. Well posedness of fully coupled fracture/bulk darcy flow with xfem.
SIAM Journal on Numerical Analysis, 55(2):785–811, 2017.
[15] G. Pichot, J. Erhel, and J.R. de Dreuzy. A mixed hybrid mortar method for solving flow in discrete fracture
networks. Applicable Analysis, 89(10):1629–1643, 2010.
[16] G. Pichot, J. Erhel, and J. de Dreuzy. A generalized mixed hybrid mortar method for solving flow in stochastic
discrete fracture networks. SIAM Journal on Scientific Computing, 34(1):B86–B105, 2012.
[17] W. Boon, J. Nordbotten, and I. Yotov. Robust discretization of flow in fractured porous media. SIAM Journal on
Numerical Analysis, 56(4):2203–2233, 2018.
[18] Christophe Geuzaine and Jean-François Remacle. Gmsh: A 3-d finite element mesh generator with built-in pre-
and post-processing facilities. International Journal for Numerical Methods in Engineering, 79(11):1309–1331,
2009.
[19] Anders Logg, Kent-Andre Mardal, Garth N. Wells, et al. Automated Solution of Differential Equations by the
Finite Element Method. Springer, 2012.
22
A PREPRINT - SEPTEMBER 11, 2020
Ω1 Ω2
Γ1 Γ2γ+ γ−
γ−eγ
+
e
γ−eγ
+
e
n
Figure 21: The domain Ω with an immersed fault γ: the domain is split into subdomains Ω1 and Ω2 along γ.
Appendix A Formulation of −∆p
In this appendix we derive the differential equation for −∆p of boundary value problem Eq. (2.4) by expressing the
effects of faults as source term. For simplicity of discussion, we assume that κ is an identity matrix. Combine the first
and second equations of Eq. (2.1), we can get
−∆p = f in Ω\γ, (A.1)
and thus −∆p ∈ L2(Ω\γ). But there exits jumps for p along γ, −∆p in general is expected to be a distribution in
D′(Ω). Here we are interested in the relationship between −∆p and the jump condition.
We split the domain Ω into two subdomains Ω1 and Ω2 along γ such that ∂Ω1, ∂Ω2 are Lipschitz (see Figure 21).
Denote the extension part of γ as γe such that γ ∪ γe = ∂Ω1 ∩ ∂Ω2, and define Γ1 = ∂Ω1 ∩ ∂Ω and Γ2 = ∂Ω2 ∩ ∂Ω,
then we have
∂Ω1 = Γ1 ∪ γ+ ∪ γ+e , ∂Ω2 = Γ2 ∪ γ− ∪ γ−e .
Take any test function φ from D(Ω) and apply Green’s second identity to −∆p, one can get
−〈∆p, φ〉Ω\γ = −〈p,∆φ〉Ω1∪Ω2 + 〈p,∇φ · ν〉∂Ω1∪∂Ω2 − 〈∇p · ν, φ〉∂Ω1∪∂Ω2
where
〈p,∇φ · ν〉∂Ω1∪∂Ω2 = 〈p,∇φ · ν〉∂Ω∪γ+∪γ−∪γ+e ∪γ−e
= 〈pD,∇φ · ν〉∂Ω + 〈p|γ+ ,∇φ · n〉∂γ+ + 〈p|γ− ,∇φ · −n〉∂γ−
= 〈pD,∇φ · ν〉∂Ω + 〈JpK,∇φ · n〉∂γ
and
〈∇p · ν, φ〉∂Ω1∪∂Ω2 = 〈∇p · ν, φ〉∂Ω + 〈∇p · ν, φ〉γ+∪γ−∪γ+e ∪γ−e
= 0
since φ has compact support in Ω,∇p · ν and φ are continuous along γ and γe. Together with Eq. (A.1), we can get the
following equation:
〈f, φ〉Ω = −〈∆p, φ〉Ω\γ
= −〈p,∆φ〉Ω + 〈pD,∇φ · ν〉∂Ω + 〈JpK,∇φ · n〉∂γ , ∀φ ∈ D(Ω). (A.2)
Now we apply Green’s second identity to −∆p:
−〈∆p, φ〉Ω = −〈p,∆φ〉Ω + 〈p,∆φ · ν〉∂Ω − 〈∇p · ν, φ〉∂Ω
= −〈p,∆φ〉Ω + 〈pD,∇φ · ν〉∂Ω.
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By substituting Eq. (A.2) into the above equation, we can get
−〈∆p, φ〉Ω = 〈f, φ〉Ω − 〈JpK,∇φ · n〉γ , ∀φ ∈ D(Ω). (A.3)
Notice that
Diφ(y) = Di(δ0 ∗ φ(y)) = φ ∗Diδ0(y) = 〈Diδ0(y − x), φ(x)〉Ω,
we can convert 〈JpK,∇φ · n〉γ into duality pairing over domain Ω by using the Fubini’s theorem:
〈JpK,∇φ · n〉γ = ∫
γ
JpK(y)∇φ(y) · n(y) dσ
=
∫
γ
JpK(y)〈∇δ0(y − x) · n(y), φ(x)〉Ω dσ
=
〈∫
γ
JpK∇δx · n dσ, φ(x)〉
Ω
.
Finally, we have
−
〈
∆p(x), φ(x)
〉
Ω
=
〈(
f(x)−
∫
γ
JpK∇δx · n dσ), φ(x)〉
Ω
, ∀φ ∈ D(Ω),
and −∆p can be expressed as
−∆p(x) = f(x)−
∫
γ
JpK∇δx · n dσ, ∀x ∈ Ω. (A.4)
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